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Abstract. In this work the existence of weak solutions for a class of non- 
r^ ' Newtonian viscous fluid problems is analyzed. The problem is modeled by the 

steady case of the generalized Navier-Stokes equations, where the exponent q 
that characterizes the flow depends on the space variable: q = (?(x). For the 
P^ , associated boundary- value problem we show that, in some situations, the log- 

Holder continuity condition on q can be dropped and the result of the existence 



of weak solutions still remain valid for any variable exponent q > a > -3^ i 

,S^ where a = ess inf q. 
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t^^ , 1. Introduction 



In this article we study the steady motion of an incompressible and homogeneous 

viscous fluid in a bounded domain i7 C R^ , N > 2, with the boundary denoted by 

p^ . dQ. We assume the motion is described by the following boundary- value problem 

for the generalized Navier-Stokes equations: 



(1.1) divu = in ft; 



%-t . (1.2) div(u u) = f - Vp + div S in fi; 

(1.3) u = on dn. 

Here, u is the velocity field, p stands for the pressure divided by the constant 
density and f is the external forces field. We assume the extra stress tensor S has 
a variable g-structure in the following sense: 

(A) S : il X M^jjj — > M^jjj is a Charatheodory function; 

(B) |S(x, A)| < C|A|«W-i foj. j^ii A i^^ ^N^ j^jjd g^_^ X in Q; 

(C) S(x, A) : A > C| A|9(^) for all A in M^^ and a.a. x in ft; 

(D) (S(x, A) - S(x, B)) : (A - B) > for all A 7^ B in IM^,„ and a.a. x in O. 
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Here, M^jj-^ is the vector space of all symmetric N x N matrices, which is equipped 
with the scalar product A : B and norm |A| = \/A : A. 

The existence of weak solutions to the problem (|l.ip - (|1.3p with a constant q- 
structure was established by [12] and [M] for q > -^^ , by [9] and [15] for q > -^^ 
and, finally and again, by [10] for q > ■^^- These results were obtained in the 
class 

(1.4) V, := closure of V in Wi'«(n), where V := {v G C;5°(n) : divv = 0} . 

The proofs in |121 [H] use the theory of monotone operators together with compact- 
ness arguments, whereas in [21 [TS] and [TU] are used, in addition, the L°° and the 
Lipschitz-truncation methods, respectively. Each one of these results improves the 
previous one in the sense that the convective term u® u : D((p) is in L^(i7) for an 
increasingly smaller lower limit of q. 

The mathematical analysis of the problem p.ip - (|1.3p . with the deviatoric stress 
tensor satisfying to (A)-(D) with a variable g-structure, must be done in the context 
of Orlicz spaces. These spaces resemble many of the aspects of classical Lebesgue 
and Sobolev spaces, but there are some important differences which must be pointed 
out (see Section[5]). Existence results for the problem (|l.ip - p.3p . with the deviatoric 
stress tensor satisfying to (A)-(D) with a variable g-structure, are due to [TC], jllj 
and [S] and were obtained in the class 

(1.5) Wg(17) := closure of V in the ||D(v)||Lg()(s-2)- norm, 

where q <E 'P(f^), the set of all measurable functions (/ : 51 — > [1, oo], satisfies to 

(1.6) 1 < a := cssinf (7(x) < q{x) < esssupq(x) := /3 < oo. 

The proofs in [TB] and in [TT] are valid for a > -^^ and a > -^^^ respectively. 
Moreover they follow the same approach of |121 [T4] and [U [15] , respectively, and 
use the fact that Wg(r2) is continuously imbedded into Vq,. The proof of [8] is valid 
for a > ^^„ , provided the variable exponent q is globally log-Holder continuous in 
the sense of (|2.3|) below. The proof here follows the same approach of the result for 
constant q in [8] and uses results on Lipschitz truncations of functions in Orlicz- 
Sobolev spaces performed still in [8] . See also [S] [H [15] for concrete fluid models 
with a variable g-structure. 

Our goal in this work is to show that the log-Holder continuity condition (|2.3p 
is not necessary to show the existence of weak solutions to the problem (|l.ip - (|1.3p 
with the deviatoric stress tensor satisfying to (A)-(D) with a variable g-structure. 
As one can sees in the proof of [HI Theorem 5.1], assumption (|2.3p is fundamental to 
achieve the existence result by the method proposed there. Firstly, we shall seek for 
a different condition that assures the existence of weak solutions for this problem 
in the case of a > ]f^. At the end, we shall give an example to which neither this 
new condition nor (|2.3p are needed. 

2. Weak Formulation 

The notation used in this work is largely standard in Mathematical Fluid Me- 
chanics (see e.g. [M]). In this article, the notations ft or uj stand always for a 
domain, i.e., a connected open subset of R^, A^ > 1. Given k £ M, we denote 
by C*''(ri) the space of all A:-differentiable functions in il. By Cg°(ri) we denote 
the space of all infinity-differentiable functions with compact support in fl. In the 
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context of distributions, the space Cg°(r2) is denoted by 23(51) instead. The space 
of distributions over 23(17) is denoted by 23' (57). If X is a generic Banach space, 
its dual space is denoted by X'. Let 1 < 9 < oo and fl C R^, with iV > 1, be 
a domain. We use the classical Lebesgue spaces L'^(ri). whose norm is denoted by 
II • J|l,(j7). For any nonnegative k, W*'''''(r2) denotes the Sobolev space of all functions 
u € L'(f7) such that the weak derivatives D"u exist, in the generalized sense, and 
are in L''(ri) for any multi-index a such that < |a| < k. In particular, W^'°°(ri) 
stands for the space of Lipschitz functions. The norm in W'°''(ri) is denoted by 
II • ||w'=.5(n)- We define W^'H^) as the closure of Cg°(f7) in W'='9(17). For the dual 
space of Wo''^(f7), we use the identity (Wo'''(0))' = W-'='«'(17), up to an isometric 
isomorphism. Vectors and vector spaces will be denoted by boldface letters. 

We denote by Vi^l) the set of all measurable functions q : il ^^ [1 , 00] and define 



q := Ciismiq{x), q'^ := Ciissupq{x). 

Given q e 'P{fl), we denote by L'^'^')(f7) the space of all measurable functions / in 
f2 such that its semimodular is finite: 

(2.1) ^,(.)(/):= /'|/(x)r(-)dx<oo. 

The space L'^'-'^fl) is called Orlicz space and is also known by Lebesgue space with 
variable exponent. Equipped with the norm 

(2.2) ||/||L„.,(a):=inf|A>0:A,(.)(^^^ <1 

L'('^(ri) becomes a Banach space. If (7+ < 00, L'^^'^Q) is separable and the space 
Cg°(f7) is dense in L'^^'^n). Moreover, if 1 < g" < g+ < cx), L«()(0) is reflexive. 
One problem in Orlicz spaces is the relation between the semimodular p.ip and 
the norm (12.21). If (11.61) is satisfied, one can shows that 



ll/IIL()(o)-i<^.(-)(/)<ll/llL,()a.) + i- 

In Orlicz spaces, there holds a version of Holder's inequality, called generalized 
Holder's inequality. Given q G 'P(f7), the Orlicz-Sobolev space W^''^'''^n) is defined 
as the set of all functions / e L''()(17) such that D"/ e L«()(17) for any muhi- 
index a such that < |a| < 1. In W^''^^''(n,) is defined a semimodular and the 
correspondent induced norm analogously as in (|2.ip - (|2.2p . For this norm, W^''^^'^^) 
is a Banach space, which becomes separable and reflexive in the same conditions 
as L''^')(ri). The Orlicz-Sobolev space with zero boundary values is defined by: 

<'«'-'(r!) := {/ g W^M-}{n) : supp / CC O} "■"-^-'X'^) . 

In contrast to the case of classical Sobolev spaces, the set Cg°(rj) is not necessarily 
dense in Wg'''''(ri) - the closure of Cg°(f7) in W^''^^''(f7) is strictly contained in 
Wq''' (57). The equality holds only if q is globally log-Holder continuous, i.e., if 
exist positive constants Ci, C2 and q^o such that 

(2.3) |g(x)~g(y)|< f; \q{^) ~ q^ol < , . ^' , ,. V x, y S 57. 

ln(e + l/|x-y|) ln(e-h|x|) 

See the monograph [3 for a thorough analysis on Orlicz and Orlicz-Sobolev spaces. 
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In order to introduce the notion of weak solutions we shall consider in this 
work, let us recall the well-known function spaces of Mathematical Fluid Mechanics 
defined at (|1.4p . Due to the presence of the variable exponent q{-) in the structure 
of the tensor S, we need to consider the weak solutions to the problem (|l.ip - (|1.3p 
in some Orlicz-Sobolev space. Since the set Cg°(ri) is not necessarily dense in 
Wq'^ (^)) we define the analogue of V^ by (|1.5|l . It is a easy task to verify the 
space Wg(n) satisfies to the following continuous imbeddings: 

Moreover, Wq(ri) is a closed subspace of V^, and therefore it is a reflexive and 
separable Banach space for the norm 

l|vl|w,(J2) := 11D(v)!1l.!(-)(o)- 

Definition 2.1. Let Q, he a hounded domain ofR^, with N >2, and let q E 7^(ri) 
he a variahle exponent satisfying to il.6\) . Let also f £ L^(f2) and assume that 
conditions (A)-(D) are fulfilled with a variahle exponent q. A vector field u is a 
weak solution to the prohlem {_/. Jp -i TO)) . if: 

(1) u € W,(f}); 

(2) For every tp G C^{fl), with div (p = 0, 

/ (S(D(u)) -u®u) : D(v3)<ix= / {-ipdx. 

The main goal of this work is to seek for the condition(s) we have to impose in the 
problem (|l.ip - (|f .3p that assure(s) the existence of weak solutions to this problem 
in the sense of Definition 12.11 and without any further restriction on q besides (|1.6p 
above and (|2^-(|231) below. 



Question 2.1. Let fl he a hounded domain in R^, N > 2. Assume that conditions 
(A)-(D) are fulfilled with a variahle exponent q G 'P(f^) satisfying to lil.b]) . and 

(2.4) f=-divF, FeM,^^, FeL9'(-)(f7), 

2N 

(2.5) — — -<a</3<oo. 

^ ' N + 2 

Ls it possihle to find a distinct condition from the log-Holder continuity property 
h2.S\) that assures the existence of a weak solution to the problem i [j.i|) -i f775)) in the 
sense of Definition[ 



The answer to Question 12.11 will be the aim of next sections. For that, we shall 
prove an existence result for the problem (|l.ip - (jl.3p under the conditions stated in 
Question 12.11 We will see that the validity of such an existence result will demand 
a new and different condition. 

3. The regularized problem 

Let $ S C°°([0, oo)) be a non-increasing function such that < <& < 1 in [0, oo), 
$ EE 1 in [0, 1], $ = in [2, oo) and < -$' < 2. For e > 0, we set 

(3.1) $,(s) :=$(es), sG[0,oo). 
We consider the following regularized problem; 

(3.2) divue==0 in Q, 
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(3.3) 

div(u,®u,$,(|u,|)) = f-Vpe + div(S(D(uJ) + e|D(u,)|''-2D(ue)) in il, 

(3.4) Ue = on dn. 

A vector function u^ G V^ is a weak solution to the problem p.2p - (|3.4p . if 

(3.5) 

/ [S(D(u,)) + e|D(u,)|^-2D(u,)-u,®u,$,(|u,|)] :D(^)dx= /"F:D(<^)dx 
Jn Jn 

for all (/3 e V. Under the assumptions stated in Question 12. 1[ it can be proved that, 

for each e > 0, there exists a weak solution u^ G V^ to the problem p.2p - (|3.4p . 

The proof of this result is based on the Schauder fixed point theorem. The map 

construction is done by putting the convective term on the right hand side and by 

solving a nonlinear equation via the monotone operator theory. Moreover, it can 

be proved that every weak solution satisfies to the following energy equality: 

(3.6) [ S(D(u,)) : D(u,)dx + e [ |D(u,)|''dx = / F : D(u,)dx. 
Jn Jn Jn 

Now, let Ue G V^ be a weak solution to the problem p.2p - p.4p . From (|3.6p we can 

prove that 

(3.7) / |D(u,)|«('')dx + e / \B{u,)fd^ < C, 
Jn Jn 

where, by the assumption (j2.4p . C is a positive constant and, very important, does 

not depend on e. Then we can prove from (j3.7p that 

(3.8) ||D(u,)|1l,(.)(o)<C, 

(3.9) ||u,||v„<C, 

(3.10) |lS(D(u,))|JL,'(.,(o) < C, 

(3.11) ||S(D(u,))||l,'(o)<C. 

On the other hand, by using (|3.9p and Sobolev's inequality, we have 

(3.12) I|u.||lc«(o)<C, 

where a* denotes the Sobolev conjugate of a. As a consequence of p.l2p and (|3.1I) . 

(3.13) |iu,®u,<l>,(|u,|)||^^^^^<C. 

From p.9p , (|3.1ip and (|3.13p , there exists a sequence of positive numbers £,„ such 
that Cm — ^ 0, as TO — ^ oo, and 

(3.14) Ue,„ —T' u weakly in V^, as m -^ oo, 

(3.15) S(D(ue,„)) -> S weakly in L'3'(r2), as m -> cx3, 

(3.16) Ug,^ ® Ue^$£,^(|ue^ I) ^ G weakly in Lt~( 17); as to — > oo, 

(3.17) e„|D(ue„)|«-2D(u,„) ^0 weakly in L^^' (n), as to -^ oo. 

Now we observe that, due to p.l4p . the application of Sobolev's compact imbed- 
ding theorem implies 

(3.18) Ue^ -^ u strongly in L^{D,), as to — > oo, for any 7 : 1 < 7 < a* . 
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Since 2 < a*, it follows from ([XTS]) that 

(3.19) Ue,„ -^ u strongly in L'^(fi), as m — > oo. 
Using (|3.ip and (|3.19p . we can prove that 

(3.20) Ug^ Ue^$c^(|ug^|) ^^ u (g) u strongly in L-'-( SI), as tti — > oo. 

Then gathering the information of p.l6p and p.20p . we see that G = u (g) u. 

Finally, using the convergence results p.l4p - p.l7p and observing p.20p . we can 
pass to the limit to — > oo in the following integral identity, which results from (|3.5p . 
(3.21) 

/ [S(D(u,„)) + e™|D(u,„)|'5-2D(ue„) - u,„ <E> Ue„*,„(|u,„ I) - F] : D((^) dx = 0, 
Jn 

valid for all (^ e V, to obtain 

(3.22) / (S-u(g)u-F) :D((^)dx = V tp e V. 

Jn 

4. Decomposition of the pressure. 

Since we shall use test functions which are not divergence free, we first have to 
determine the approximative pressure from the weak formulation (|3.21[) . First, let 
w' be a fixed but arbitrary open bounded subset of fl such that 

(4.1) uj' CC fl and duj' is Lipschitz, 

where cj' CC H means that uj' is compactly contained in Q, and let us set 

(4.2) Q,,„ := S(D(u,„J) +e„,|D(u,„J|^-2]3^^^^j _^^^ ^^^^^^^(l^^^l) _p^ 

Using assumption p.4p and the results p. lip . p.l3p and p.l7p . we can prove that 

(4.3) Qe^ e L''(f7), where 1< r < tq := niin | /3', ^ 

Note that 7'o = min{/3', 2(N-a) ^ ii a < N and tq = /?' if iV > a. Then we define a 
linear functional 

(4.4) n,„:W/(c.')^W-i^-(w'), 

(4.5) (ne„,^)w-..(.Oxw-'(.') ■■= /,Qe„ :D(^)dx. 

J CO 

Using (|4.4ll - (l4.5p . we can prove, owing to (|4.3p . that 

(4.6) ||n,„J|(v,,), <c, 

where C is a positive constant independent of m. Note that here V^' is taken over 
uj'. Moreover, since V is dense in V^', we can see that p.2ip . (|4.2p and (14. 5p imply 

(4.7) (n,„,(^)(v^,yxv„, =0 V(^eV,-. 

By virtue of (|4.4p - (|4.7p and due to assumption (|4.ip . we can apply a version of de 
Rham's Theorem to prove the existence of a unique function 

(4.8) p,,„ eL'''(a;'), with /" pe,„rfx = 0, 
such that 

(4.9) (n,„,^)^_,,,(^,^^^,,.,^^,^- / p,„div^rfx v^ewJ''-'(^'), 
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(4.10) l|Pe„||L.-'K)^l|ne„JI(V,,)'- 

Then, gathering the information of p.2ip . (|42| . (|431) and (|49l) . we obtain 



(4.11) 



/ S(D(u,„)):D((^)dx + 6„ /" |D(u,„)|''-^D(u,,J:D(y.)dx = 

J Uj' J UJ' 



for all (^ g Wq''^ (cj'). On the other hand, due to (|4.6p and (|4.10p and by means of 
reflexivity, we get, passing to a subsequence, that 

(4.12) p^^ -^ Po weakly in 17 {uj'), as tti — > oo. 

Next, passing to the limit jn — > oo in the integral identity (|4.1ip by using the 
convergence results p.lSp . p.l6p together with p.20p . using also (|3.17p and (|4.12p . 
we obtain 

(4.13) / (S-u(g)U-F) : D(^)dx = / podivipdx 

for aU<^e Wo''''(w')- 

Next, we shall decompose the pressure found in the first part of this section. 
With this in mind, let w be a fixed but arbitrary domain such that 

(4.14) UJ dC J CC fi and duj is C^. 
To simplify the notation in the sequel, let us set 

A"(w) :={ae L^(w) : a = Aw, u e Wo'''(w)}, 1 < s < oo. 

Here we shall use some results due to [17] that allow us to locally decompose the 
pressure. Applying |17[ Lemma 2.4], with s ~ 13' first and then with s = ^, and 
using p.l5p and (|3.17p by one hand and (|3.16p and p.20p on the other, we can 
infer that exist unique functions 

(4.15) p\^ekf''{uj), 

(4.16) pl^eA'^iuj) 
such that 

(4.17) f pl^Acbd^^ f (S(D(ue„J) + e,„|D(u,„)|^-2D(u,,J-S) : V2,^dx, 

(4.18) p'f^^A(t)dx = - / (u,,„ ®Ue„^$,,„(|ue„|)-u(g)u) : V^0dx 

J LO J CO 

for all (/) e Cjf (w). Attending to ^J^, ([XTT]) and (|iT7)) by one hand, and ((XTC)l . 
(|3.20p and (|4.18p on the other, a direct application of [T71 Lemma 2.3], with s ~ 13' 
and then with s = ^, yields 

(4.19) |bLllL^'(.) < Ci||S(D(u,„)) - S + e,„|D(u,„)|^-2D(u,,J||L,'(„), 

(4.20) hUl^, <C2i|ue„®u,„$,„(|u,,J)-u®u|L ^ 
where Ci and C2 are positive constants depending on ^', a* and on uj. 



8 H.B. DE OLIVEIRA 

Now, combining ()4.1ip and (|4.13p . and using the definition of the distributive 
derivative, we obtain 

div (S(D(u,„)) - S + e„^\B{u,jf-'^T>{u,J) - 

div (Ue,„ ® u,„^$,„ (|u,„ I) - u (^ u) == V(p,,„ - po) 

Then, testing (j4.2ip by Vi/), with (^ € Cg°(ti;), integrating over w and comparing the 
resulting equation with the one resulting from adding (|4.17p and (|4.18p , we obtain 

Pe„. - Po = pL + pL ■ 
Inserting this into (|4.2ip . it follows that 

div(S(D(u,„))-S + e™|D(u,„)|^-2j3(„^^))_ ^ 

(4.22) m i?'(a;). 

div(ue^ (g) U£„$<:„(|u£„J) - u® u) = V (p,^^ -^VlJ) 

5. The Lipschitz truncation 
To start this section, let us set 

(5-1) We„. := (Ue,„ -~v)Xu-, 

where x^j denotes the characteristic function of the set uj introduced in (|4.14p . 
Having in mind the extension of (|4.22p to E,^, here we shall consider that 

(5.2) Te„ := T^^ + T\^ 
is extended from ui to R^ by zero, where 

(5.3) T\^ := - (S(D(u,„)) - S + 6„|D(u,„)|^-2D(u,„J) +v\J. 

(5-4) T^^ :=Ue„ «)U£„^$e„(|u,,„|)-U«)U + p^^I, 

and I denotes the identity tensor. Now, due to the definition (|5.ip and by virtue of 
(|XTi)l and ((XT5)1 . we have 

(5.5) W£^->0 weakly in Wi'"(R^), as m ^ oo, 

(5.6) Wj^ — > strongly in L'''(R^), as tti — >■ oo, for any 7 : 1 < 7 < a*. 

Moreover, due to (|XT5)) . (PT7)) and (|iT^ by one hand, and due to (PTB| . ([H:^ 
and (|4.20p on the other, we have 

(5.7) l|TrLllL^'(R«)<C, 

(5.8) IIT? II „. <C. 

In addition to ([5^ . we see that, due to ((3J8| and (|420)) . 

(5.9) T^^ -> strongly in L 2 (K^)^ as m -> cx), for any 7 : 1 < 7 < a*. 

Next, let us consider the Hardy-Littlewood maximal functions of jw^^ | and | Vw^,^ | 
defined by 

>'(|we„|)(x) := sup (u ( \\ \ |we„(y)|rfy, 

>'(|Vw,,J)(x) := sup — —i-— /" |Vw,,„(y)|dy; 
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where Br{x.) denotes the bah of R^ centered at x and with radius R > 0, and 
Cn{<jj) is the A^-dimensional Lebesgue measure of w. Arguing as in [Sj p. 218] and 
using the boundedness of the Hardy-Littlewood maximal operator M. , we can prove 
that for all TO e IN and all j e Mq there exists 

(5.10) A™,,e [22',22^^') 
such that 

(5.11) /:Ar (F„i,j) < 2"n;^'y^. ||we,„||LT(H«), for any 7 : 1 < 7 < a*, 

(5.12) £jV (Gmj) < 2-^A,-"^. ||VWe,J|L»(E«), 

where 

F,„,, := {x e R^ : A^(|w,„|)(x) > 2A„j} , 
G,„,, := {x e K,^ : X(|Vw,„|)(x) > 2A„j} . 

Setting 

(5.13) Rm,j '■— Fm,j U Gm,j U {x G R^ : x is not a Lebesgue point of |wg^|} , 
we can see that, by virtue of (|5.1ip - (|5.13p . 

(5.14) Cn {Rrn,,) < 2-n„"^. |lw,,J|wi."(R"). 

In addition, due to (|53)) - ([EB|) and dETUD, 

(5.15) limsup^AT (i?„,,) < C2-^A-"j.. 

Then, by [T] together with ((ET|) . 



(5.16) 3 Zraj e Wi^°°(IR, 



where 



,„,j fc vv i^ia ;, z,„,j - s ^ H^ \ tj 



(5.17) A„i^j- := {x e w : z„jj(x) 7^ We„(x)}, 
such that 

(5.18) ||Zmj"||L°'(w) < 2Am,j, 

(5.19) ||Vz„j||l..(„) < CXraj, C = CiN,uj). 
Moreover, by [13l Proposition 2.2] and using (|5JT1l - ((57T3| and (|5T7|) . 

(5.20) A„,jClujnRm,j- 

As a consequence of (|5.20p together with (|5.14p and (|5.15p . 

(5.21) Cn (A„,,) < 2-^A,-"^. l|w,,J|wi,»(R«), 

(5.22) limsup/lAr {A,n,j) < C2-^A„';;. 

On the other hand, due to ^JE^-^J^ and ([53)) together with dOIll-dESll), we 
can prove that for any j € Mq 

(5.23) Zmj- — > weakly in WQ'"(a;), as m^S' 00. 
Then by Sobolev's compact imbedding theorem, we get for any j e INg 

Zm,j ^ strongly in L'''(cj), as ttt, — > cc, for any 7 : 1 < 7 < a*. 
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Using this information, ()5.18p and interpolation, we prove that for any j G Mq 

(5.24) z;„ij- — > strongly in L'*(a;), as m — )• oo, for any s : 1 < s < oo. 
Finally, as a consequence of ()5.23p and (|5.24p , we obtain for any j e INq 

(5.25) z,„.j — > weakly in Wq''^{uj), as to ^ oo, for any s : 1 < s < oo. 

6. Convergence of the approximated extra stress tensor 
Let us first observe that, using the notations (|5.2p - (|5.4p . we can write (|4.22p as 
(6.1) divY,„ == in V'{uj). 

On the other hand, due to ([E7)) - ([5T5)) . Y,„, e L''(]R^) for r satisfying to 



Then, using this information and (|5.25p . we infer, from (|6.ip . that for any j G INq 

(6.2) / Y,„ : Vz,„j dx = 0. 



Expanding T^^ in ()6.2p through the notations (|5.2p - (|5.4p and subtracting and 
adding the integral of S(D(u)) : D(z,„j) to the left hand side of the resulting 
equation, we obtain for any j G INg 

f (S(D(u,„J)-S(D(u))) :D(z,„,,)dx= /" (S - S(D(u))) : D(z,„,,) dx 

- / em\T^{u,jf~'^-D{u,J : D(z,„j)dx+ / p^^ div z,„ ^ dx+ 

(6.3) Joj Jul 

I (u,„(g)Ue„$<:„.(|ue„|)-u(K)u + p^^^l) :D(z,„j)dx 

■= 1^ + P + J'^ + 7^ 
We claim that, for a fixed j, 

(6.4) lim / (S(D(u, ))-S(D(u))) :D(z™,)dx<C2~* 

™-^°° Juj 

To prove this, we will carry out the passage to the limit ttt, — )■ oo in all absolute 
values \Jl^j\, i == 1,...,4. 

• linisupj„_^g^ \J^ I =0. By (j5.25p . with s = /3, this is true once we can justify 
that S — S(D(u)) is uniformly bounded in h^ (uj). But this is a consequence of 
([XT5)1 . the continuous imbedding L'''()(w) ^ Jjl^' (uj) and (jXTU)) . 

• limsup,„_j,32 \'^m,j\ = 0. Indeed, by Holder's inequality, (|5.19p . (|5.10p and 
p.7p . we have successively 



(3 



< CiA,„je^ ( / e,„|D(ue„)|'^dx 1 <C2em->0, as m -^ oo. 

• limsup„_j.Q^ \'^rn,j\ — C2~^ . In fact, by Holder's inequality and (|4.19p together 
with (P13)) and (PTTJ) . and using ((5l^ ) together with ([§11) . 



kmjl < C'i||divZ™j||L;3(c^) < Ci||Vz„j||Loo(„)£Ar(A™j)'3. 

The result follows by the application of ()5.19p . ()5.10p and ()5.22p . provided that 
(6.5) A^ ■ is uniformly bounded in to. 
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• linisup„j^oQ \Jf,^ A = 0. Using Holder's inequality and (|5.4p . we have 

\Jt.,j\ < I|T'LIIli(")II^^™'jI1l~(") - C'iII^LIIlH'^) ^0, as m^ oo. 

The last inequality and the conclusion follow, respectively, from (|5.19p and (|5.10p . 
and (|5.9p with 7 = 2, observing here that assumption p.5p implies 2 < a*. 

Gathering the estimates above we just have proven (|6.4p . 

We proceed with the proof by using an argument due to [SI Theorem 5]. Firstly, 
observing the definition of z^ ., (c/. (|5.16p ). we have 

(6.6) / (S(D(u,„J) - S(D(u))) : D(z™,,)dx = /„,,+//„,,, 

J UJ 

where 

Im,j ■■= f (S(D(u,,J)-S(D(u))) : (D(u,„J-D(u))dx, 

IIrn,j ■■= I (S(D(u,„J) - S(D(u))) : D(z„j) dx. 

Then (H^l) and (HH) imply that 

(6.7) limsup/„i^j < limsup |//,n,il + C2~^. 

For the term Ilm.j, we have by applying successively Holder's inequality, p.lSp . 
the continuous imbedding Tfl '--'(a;) ^-> L^ (w) and (|3.10p altogether with (|5.19p . 

\nrn,j\ < Ci||S(D(u,,J) -S(D(u))||l,'(^„^)||Vz,„,,||l^(^„^,^.) 
<C2Xm,jCN{A^,j)^. 

Then, (|5?T0| and ([QS]) yield that for any j e Wo 



(6.8) limsup |//™,j I <C2~/?A^ ^ 



771— J- OO 



-z,i- 



As a consequence of (|6.7p and (|6.8p . we obtain for any j E 
(6.9) lim sup I /,„,, I < C2-i (l + A,^ 

Arguing as we did to prove (|6.8p - (|6.9p and using (|5.16p and (|5.22p . we have for any 

0e(O,i) 
(6.10) 

hmsup / gl dx < Cr2-^* fl + )^j)\ C,2~''i-^'-''^n^^-/^'-^'-'^'' , 

where 

ff,„ := (S(D(u,„J) - S(D(u))) : (D(u,,J - D(u)). 

Since /3 > 1, 61 G (0, 1) and j e INq is arbitrary, 2^"^ ^ and 2"''^"(^"*)^' ^ 0, as 
j ^ oo. This and (|6.10p imply that for any 9 e (0, 1) 



lim sup / g^^ dx = 

provided that (j6.5p holds. Then, passing to a subsequence, 
(6.11) Qe^ — > a.e. in w, as m — > oo. 
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From the continuity of S on D(u) (c/. condition (A)), the strict monotonicity 
condition (D), (|6.1ip and [H Lemma 6] (see also |141 Lemme 2.2.2]), 

(6.12) D(ue,^) ^- D(u) a.e. muj, as m — > oo. 

FinaUy, p. lip and (|6.12p allow us to use Vitali's theorem together with p.l5p to 
conclude that S = S(D(u)). 



7. Answer to Question 12.11 

From Section [3] until Section |6] we have proven the existence of, at least, a weak 
solution to the problem (|l.ip - (|1.3p in the sense of Definition 12.11 and satisfying to 
the conditions stated in Question 12. 1[ provided condition (|6.5p is fulfilled. A simple 
analysis shows us that condition ()6.5p is equivalent to assume that a > /3. But this 
cannot happen unless a = /3. In this situation, we would fall in the case of a constant 
exponent q studied in [10]. If we go further behind, we see that condition ()6.5p came 
as a result of (|5.22p and this in turn had its origin in (|5.5p - (|5.6p . Therefore the best 
way to assure that (|6.5p is fulfilled is to assume that (|5.5p - (|5.6p are satisfied with 
a replaced by /3, i.e. 

(7.1) vir,^ ^ weakly in Wi''^(IR^), as m ^ oo, 

(7.2) Wc„^ — > strongly in L'''(]R^), as m — > oo, for any 7 : 1 < 7 < /3*. 



We observe that (|5.5p - (|5.6p came as a result of p.9p . In consequence, (|7.ip - ()7.2p 
hold if we had 

(7.3) lluellv, <C 
instead of p.9p . Finally, condition (|7.3p is satisfied if 

(7.4) /|D(u,)|^dx<C. 

In consequence, if we go back to Sections [5] and [5] and replace all the exponents a 
by /?, than we have A„j ^ = 1 in condition (j6.5p . and the existence result follows. 
Condition (|7.4p can be seen as a consequence of the following higher integrability 
condition: assume that exists 6 > such that 

(7.5) f |D(u)|9(")(i+*)dx < oo 

J uj' 

for any subdomain w' CC rj. Then, under all the assumptions of Question 12.11 
we can prove the existence of weak solutions for the problem (|l.ip - (|1.3p with q = 
q{x), which a priori satisfy condition (j7.5p . This property is crucial to control 
the gradients of velocity in the space L^(ri) and with the technique we used we 
can control them only in the spaces L"(r2) and L'('^(0). Despite assumption (|7.5p 
is so strong that weakens very much such an existence result, we observe that 
this property is satisfied by the weak solutions to some fluid problems. In fact, 
fluids with viscosity dependence described using non-standard growth conditions 
have been treated, in the stationary case, in various settings (see [21 \5\ and the 
references therein). We think that the approach followed in |51[S] can be potentially 
useful to extend theses results to our problem. Therefore we are let to believe the 
higher integrability property expressed by assumption (j7.5p is satisfied by every 
weak solution to the problem (|l.ip - p.3p with q = q{x). In this case, to prove an 
existence result for our problem we do not need the log-Holder continuity condition 
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(|2.3p on q. On the other hand, we can realize that for models of generalized fluid 
flows in which the stress tensor brings itself this higher regularity, the existence 
result follows without assuming (|2.3p and (|7.5p . An example of this situation is the 
problem with the stress tensor defined by 

S= (ti + T\B\''^^'>-AB, 



where /i and r are positive constants related with the viscosity. In this case, an 

JV+2 



existence result can be proved for -^^ < a < /? < 2 proceeding as in the above 



sections. 

A similar analysis can be done for the parabolic version of the problem (|1.1[) - 
()1.3p . In this case all the reasoning is identical and we just have to use the parabolic 
versions of the results considered from Section [3] to Section [6l The impact of our 
work in the transient problem is in fact more important, because the parabolic ex- 
tension of the work [5] is, to the best of our knowledge, still not proved. A thorough 
analysis of these problems is being written and it will be published elsewhere. 
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